This paper is concerned with the evaluation of the integral that represents the total transmitted intensity. We consider the general case in which the thin-absorber linewidth /A is allowed to be different from the linewidth Js of the source. The introduction of the parameter y -/A//S has made it possible to expand the integral in an infinite series, each term of which is a rational algebraic expression. Our formulation avoids the tedium of numerical integration and lends itself readily to programming in FORTRAN. The application to Mössbauer spectroscopy is discussed. The results are valid in the case of a split source even if the spacing between the emission lines is less than their linewidth.
Introduction
We consider a source of radiation whose intensity is distributed about the mean energy Es according to
I (E) dE = 1 + [(^_^s)/irs]2 •
A beam of this radiation is incident upon a layer of particles, each of which has a cross section a (E) for removing radiation from the beam. The thickness of the layer is uniform and is specified by n, the number of particles per unit area normal to the direction of the beam. The cross section varies with energy according to
where 7a is the thin-absorber linewidth (see Section 4). Then the total intensity transmitted by the layer is given by
P(AE) = j I(E)e~n^E ) dE (1.1)
where
AE = EA -ES)
the integration is extended over the range of E within which the integrand is significantly greater than zero. The energy difference AE has been introduced to bring out the fact that the dependence of P upon the line centers E$ and Ex is such that only their difference is relevant.
The present paper is concerned with the evaluation of the integral in Eq. (1.1). It is our goal to put this expression into a form that is convenient for programming in the FORTRAN language.
As yet we have not specified the nature of the radiation or of the particles in the layer. This integral is of special interest in the spectroscopy based on the Mössbauer effect, where the radiation consists of recoilfree gamma rays and the absorbing particles are nuclei bound in crystal lattices. In this connection, the case 7^s = 7\ has been treated by MARGULIES and EHRMAN 1 , RUBY and HICKS 2 , and by FRAUENFELDER et al. 3 . An approximative treatment of the general case, where /'s =*= 7A> has been given by O'CONNOR 4 .
In the next section, we show how the integral can be expanded into an infinite series of finite algebraic expressions, whereas earlier formulas 2 » 3 involve infinite series, each term of which contains a Bessel function. In Section 3 we discuss properties of the individual terms. We explore special cases in Sec-tion 4. The error incurred in terminating our series is estimated in Section 5. We show in Section 6 how these results can be applied in Mössbauer spectroscopy. A discussion follows in Section 7.
Expansion into an Infinite Series
Usually Es and E\ are much greater than the widths rs and /A-This makes it possible to use infinite limits in the integral of Eq. (1.1). Furthermore, it is convenient to introduce the dimensionless variables z = (E-EA)l^rs, x = AEj\rs, y = rA/rs, and s = n amax. Since in every subsequent integral the limits will be -oo and + oo, it will not be necessary to indicate the limits explicitly. We evaluate P(oo) by changing the variable of integration to y = z-\-x. Thus It is seen that the Qm have the general form
where Gim is a polynomial in y. By applying the recursion relation (2.5) to Eq. (2.6), we obtain recursion formulas for Gim,
Since on a digital computer it is much easier to perform algebraic operations than to carry out differentiations, we proceed to cast the recursion formulas (2.7) into a purely algebraic form. Toward this end we write
By inserting (2.8) into (2.7) and equating the coefficients of like powers of y, we are led to
where it is understood that a(k,l,m) = 0 if k>l + 1. From the above expression for Qi, we see that
The recursion formulas (2.9) make it possible to compute all the other coefficients a (k, I, m) . Then by means of Eqs. (2.8), (2.6), (2.3a) and (2.2b), one can calculate P(AE) to any desired accuracy.
At this stage the problem has been essentially solved, except for the estimation of the error (see Section 5). It is useful, however, to point out various properties of our expansion and to consider special cases.
certain coefficients a (k, I, m) which permit a direct computation of these quantities without having to evaluate similar quantities of lower index.
Thus by application of (2.9) it is possible to verify the following relations:
a(k, l,m) ^ 0 for all values of the indices, and a (k, I, m) -0 if k = I + 1 and I <m. The recursion formulas (2.7) for the Gim permit one to verify the following equations:
(where P<im denotes a Legendre polynomial), If now we use (2.8) to extract from the above equations the values of a(k, I, m), we find that these coefficients are integers. For example
which is an integer for all integral values of m. The question arises whether or not it is true that all the coefficients a (k,l,m) are integers. We have not been able to prove the general case; however, by computation we have shown that a (k, I, m) is an integer for k ^l f^m ^ 11.
Since a(k, I, m) ^ 0, it follows from (2.8) that Gim is always positive. Furthermore, by inspecting Eq. (2.6) we see that for a fixed value of y the function Qm(y, reaches its greatest value at x = 0; this will be important in Section 5 when we estimate the error.
Some Properties of the Terms of the Series 4. Special Cases
By mathematical induction it is possible to obtain formulas for certain of the polynomials Gim and for
The results of this section will be somewhat simpler if, instead of the transmission function, we consider a related quantity, the fractional absorption, which represents a Lorentzian line shape with a defined by width equal to -j-7a-We see that a thin absorber By use of (3.1) we write
We proceed with b2 in a similar way and make use of (3.2),
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Thus we obtain £ = (ylX)s[y + Siis)] -(ylX) 2 ±s[y 2 s -4y + 4 + 4 y £<>(*) + 4(ys -l)Si(s)] + 0([y/X]3) (4.7)
We want to point out that a Lorentzian line shape with width F § + -TA is approached in the two limiting cases s ->-0 and
For any values of s and y, a Lorentzian is approached as | x \ -> oo.
d.
y > 1
Here we take y so large that y n~l may be neglected in comparison with y n , but we make no assumptions about the magnitude of a; relative to y.
Accordingly we have

Qr
In view of the fact (see Section 2) that Qm+\ < Qm, a sufficient condition for (5.1) where the error Ev is given by
Ev = \ (s v /v\) Qv (y, x).
In order to be able to estimate Ev in advance of a computation, we proceed to develop formulas for estimating Qm directly, i.e. without the recursion relations. Since Qm>Qm+1> it follows from (2.4) that dQmldy is always positive and that Qm increases monotonely with y. Thus
Qmiy.x) ^Qm{l,x)
for y <; 1,
Another limit on Qm is found by beginning with Eq. (2.3b)
Here v is to be chosen so that in the second summation the absolute values of the terms decrease with increasing m. This condition requires that We combine these results and obtain upper limits for the error
where we have used Stirling's formula in the form r(n)^\/2^fn (n/c)»(l+ 12V) to get rid of the factorials. We note that (5.3c) is valid for all values of y and provides a closer estimate than either (5.3a) or (5.3b). The latter, however, are somewhat easier to evaluate.
Application to Mössbauer Spectroscopy
The above considerations are applicable to Möss-bauer experiments of the type in which the transmitted gamma rays are detected. In this section we are primarily concerned with relating the quantities defined above to quantities relevant to Mössbauer spectroscopy. At first we consider only unsplit spectra. One usually studies the transmission as a function of AE. This quantity is varied by varying either Es or Ex via the Doppler effect. Thus one obtains
where Eq is the sum of the isomeric and thermal shifts and Ev is either EA or Es (it does not matter which, since in practice they differ by less than one part in 10 8 ). It follows that
We identify Is(E) with the intensity of recoilfree radiation from the source. Also we ignore, for the sake of simplicity of presentation, the effect of electronic absorption. Many authors, e.g. MARGULIES and EHRMAN 1 , have described how to take into account the effects of background radiation and of electronic absorption. In some early papers selfabsorption in the source was considered. Since that time one has learned how to prepare sources that are free of resonantly absorbing nuclei. Therefore self-absorption is no longer so important, and we do not consider it here.
In many experiments one encounters environmental broadening, which may occur in the absorber as well as in the source. Similarly, if the environmental broadening in the source is also produced by a Lorentzian distribution of the line centers, then the intensity distribution remains Lorentzian but is broadened by a factor xs > so that r$ = xsT and y = xA\x § • These equations make it possible to apply the formulas of Section 2 to the case of an unsplit source and an unsplit absorber, even when they are broadened differently.
We proceed to consider the case of a split source and an unsplit absorber. Here the intensity of the radiation from the source is given by The methods presented here cannot be applied rigorously to the case of a split absorber. If the absorption lines are widely spaced so that the approximation
can be introduced, then it is possible to proceed in the manner described by MARGULIES et al. 10 . Here aj (E) denotes the cross section of the j th absorption line.
Discussion
Replacing the numerical integration of the integral in Eq. (2.1) by our series will result in a saving of computation time. This is important in problems involving repeated calculations of e (e.g. in the Newton-Raphson method or in the analysis of experimental spectra by the method of least squares). Thus the computation 11 of numerical values of the line width (for y = 1) would have benefitted from the present formulation. Another advantage of the series over numerical integration is that it is much easier to estimate the error of computation. A further benefit of the series is that it has opened the way to investigating other properties of the transmission function; the width formula of HEBERLE and FRANCO 12 was derived from this series by analytical methods.
In applying our results to Mössbauer spectra, the user is warned to consider to what extent his case satisfies the assumptions that we have made explicitly and implicitly. Is re-radiation into the detector negligible ? Are the directions of all rays from the source to the detector nearly the same, so that the assumption of parallelism is warranted ? Is the thickness of the absorber uniform ? Another question is whether or not our description of environmental broadening corresponds to what occurs in nature. Other authors 10,13 have considered a Gaussian broadening. However, the fact that the use of a Lorentzian line shape in the fitting of experimental spectra has been successful so often, tends to support our description.
